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ABSTRACT

In this paper, solutions of fractional difference equations with Caputo-type delta-
based fractional difference operator of order u ~ 1 are compared with solutions of
corresponding difference equations with usual first-order forward difference. To de-
rive convergence results, Gronwall type inequalities are proved for suitable fractional
sum inequalities of general noninteger order. An illustrative example is also given.
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1. Introduction

Beginnings of discrete fractional calculus are due to Miller and Ross [10]. Later Atici
and Eloe proved further properties of the fractional sum operator in [3]. Caputo like
fractional difference was established in [1] (cf. also [2]).

Recently in [8], convergence was investigated of solutions of fractional differential
equations with Caputo fractional derivative of order close to 1 to solutions of corre-
sponding differential equations of the first order as the fractional order tends to 1.
It was shown that the corresponding integer-order equation substantially depends on
the side of the one-sided limit. In this paper, we compare a solution of a fractional
difference equation with Caputo like delta-based fractional difference of order u close
to 1 with a solution of a corresponding difference equation of order 1. So, the present
paper can be considered as a discrete counterpart to [8].

In the following section, we conclude preliminary results needed for main sections.
There are also proved Gronwall type inequalities for fractional sum inequalities of any
non-integer order. Sections 3 and 4 are devoted to cases u — 1~ and u — 17, respec-
tively. A simple example is given at the end of Section 4 to illustrate the convergence
results.

Here and after, N,, a € R denotes the shifted set of positive integers, i.e., N, =
{a,a +1,a+2,...}. We shortly denote N := Ny. We also use Z% := {a,a +1,...,b}
for b—a € Ng, Z2 = 0 if a > b, and R, := [0, c0).



Throughout the paper, we assume the property of empty sum and empty product,
i.e.,

if a > b.

2. Preliminaries

First we recall some definitions from the theory of fractional difference calculus. Basic
definitions are due to [1, 10]. For properties of fractional difference operator see also
(3, 4].

Definition 2.1. Let v € R. Factorial function is defined as

t<”>—{0’ t+1-ve{.. —2-1,0}

%, otherwise

where I' is the Euler gamma function.

Definition 2.2. Let a € R, v > 0. The v-th fractional sum of function f defined on
N, is given by

k—v

AV F(R) = (AT F)(F) = F(l) S (k- o)1)

for any k € Ng4p.

Definition 2.3. Let a € R, p >0, m — 1 < p < m for some m € N, v :=m — p and
function f be defined on N,. The u-th fractional Caputo like difference of f with the
lower limit at a is defined as

N

ALf(k) = (CALF) (k) = (ATY(A™f)) (k) = F(ly) (k—a()¥ DA™ f)(5)

J

<

Il
e

for any k € Ny1,. Here A™ is the m-th forward difference operator,

m

@A)k =3 (m) (1™ (k4 ).

i=o

For the simplicity, in the rest of the paper, we consider the fractional difference with
the lower limit at 0.
We shall need the following estimations of a ratio of gamma functions (see also [11]).



Lemma 2.4 (see [12]). For any 0 < s <1 and x > 0,

Pl@+1)

1—s <
To= Iz +s)

< (x+s)'0

Lemma 2.5 (see [9]). For any 0<s <1 and x>0,

I'(x+ s) s\s—1
Lats) (57
I'(z+1) 2

Next we present two Gronwall type inequalities for fractional sums.

Lemma 2.6. Let 0 < p < 1, z,a: ZK — Ry for some K € NU {cc0} and a be
nondecreasing. If there is L > 0 such that

B
—_

L
k) <ak)+ ==Y (k—a(f+1—pu)#V2(y), keZf
P(w) =
then
Lk
A <ats, (55), ke,

where E,(w) = z;'io F(#ll) is the Mittag-Leffler function.

Proof. Let us extend functions z and a to [0,7T), T := K + 1 by z(t) = 2([t]) and
a(t) = a(|t]) where |-] is the floor function giving the greatest lower integer. Let us
fix arbitrary t € [0,7"). Then

kel
A0) S 0lt) + g5 (k= o+ 1= ) ()
j=0
L & [ . _
:a(t)+wj:0/j (k—o(G+1—p)# Yz(s)ds

with £ = [t]|. Now using the definition of the factorial function and Lemma 2.4, we
derive for j € Zlgfl,

. n— _F(k_J_l—i_:u)

B k—3j k—j+1T0(k—j+1+pu)
k—j—1+pk—j+p Tk—-j+2)

1—p 1—p Nk—j+1+p)
=|1+—) |1+ . .
< k—J—1+u>< k—3+u> I'(k—j+2)
1—,u 1—M . -1
<(1+—=)(1+—L ) k—j+1)"
_< It )( 1+u>( i+ 1)
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Hence,

k=l gt
2(t) < a(t) + r(zQi = Z/ (ki j 4 1)L (s)ds
=077
k=l gt
< alt) U;iMXFW[ (k — 5+ 1)* 12 (s)ds

By the Henry—Gronwall inequality [13, Corollary 2] we get
2LtH
z(t) < a(t)EL <2>
A
for any t € [0,T). The statement is obtained by setting ¢t = k. O

Lemma 2.7. Let m — 1 < pu < m for some m € Ny, z,a: Z(]f — Ry for some
K € N, U{oo} and a be nondecreasing. If there is L > 0 such that

k—

3

L

z(k) < a(k) +

- L(u) 4

(k—o@+m—p) P z2), kez

I
o

then
2(k) < a(k)E,(Lk"), ke zZk.

Proof. Let € (m—1,m) be fixed for some m € Ny. The statement is proved as the
previous one using the following estimations:

w1y _ Lk—j—m+p)
Nk—j—m+1)

m—2

(k—o(j+m—p)

CTk—j—2m+p+2) 1 .
T Th—j—m+1) [[G=i=mtu-0

~
N =

<(k—j—m+DF ] [(k—j—m+p—1)
=1

m—2
<k—j-—m+) T JR—G -0 < (k—j—1)!
=1
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for each fixed j € Zlg_m, k€ ZE, and

“m it
(b= ol +m— )0 = 3 [ (ko4 m =)0 D(s)ds
7=0 j=0 "7
k=m el k=m ejt1
< Z / (k—j— 1) 1z(s)ds < Z / (k —s)"12(s)ds
j=0 vJ j=0 7J

for any t € [0,T), T = K + 1, where z(s) = z(|s]), k = [t]. O

Usually, a fractional sum equation equivalent to an initial value problem for a frac-
tional difference equation of order p > 0 is stated for u € (0,1) (see e.g. [5, Lemma
2.4]). For the convenience of the reader, here we state the result for u € (1,2).

Lemma 2.8. Let p € (1,2), zg,z1 € R™ and f: Ng x R — R" be a given function.
Function x: Ng — R" is a solution of

Allx(k) = f(k+p—2,2(k+p—2), ke Ny,

if and only if it satisfies

k—2
2(k) = 20 + ka1 + LZ k—o(j+2— ) *Vf(,2 () (2)

P(n) =

for each k € Ny (assuming the empty sum property).

Proof. If x is a solution of (1), [1, Theorem 8] yields that x fulfills (2). Note that this
can be obtained directly by applying the operator Aj* ., to the fractional difference
equation and then using the initial conditions.

Conversely, if x satisfies (2), then 2(0) = xg, Az(0) = 2(1) — 2(0) = 21 and

J : .
olh) = -t ko4 g Z YD LG + = 2,20 + - 2))
for each k € Ny. On the other side, by [1, Theorem §],

2(k) = 2(0) + kAz(0) % Z (1) Al ()
Jj=2—



for each k£ € No. Comparing these two equations, we get
1 : ,
f—f§j INEDAEL(G) ~ G+ = 2+~ 2))] = 0
j=2—

for each k € Ny. Now, subsequently letting k = 2,3, ... we derive Abz(k) = f(k+p—
2,z(k + p —2)) for each k € No_,. O

Next, we recall estimations of the Mittag-Lefller function for various values of the
parameter u.

Lemma 2.9 (see [6, Lemma 2]). For allt € Ry, u € (0,1), and k > 0, it holds

1< E,(kth) < .
W

Lemma 2.10 (see [8, Lemma 3.1)). For allt € Ry, p € (1,4/3), and k > 0, it holds

et 44/3sin IS
+ .

1< E,(st") <
: 7 I

3. The case u — 1~

Let us consider an initial value problem for fractional difference equation

Ate(k) = fk+p—Lak+u—1),  keN,,

z(0) = xg

3)

where A¥ is the Caputo fractional difference of order p € (0,1) with the lower limit
at zero and f: Ng x R™ — R" is a given function, along with a difference equation

Ay(k) = f(k,y(k)), ke N,

y(0) = 10 )

for xg, 0 € R™. We suppose

(H) There are nonnegative constants M and L such that |f(k,z)| < M and
|f(k,x) — f(k,y)|| < L|jz — y|| for each k € Ny and all z,y € R", where || - || is
a norm on R".

From [5, Lemma 2.4] we know that z(k) is a solution of (3) if and only if it satisfies
1 ¢ 1) gy ,
z(k) = o F—'Z: —o(iNP VG +p— 12 +p—1))

(k—o(j+1—p) "V f3, ()



for each k € Ny (assuming the empty sum property). Moreover, y(k) solves (4) if and
only if

Hence, for each k € Ny,

k—1 .
(k—o(j+1—p)wb .
\W%%—M@ISWm—yﬂ+-%;< = (i) = £G.0(3) )
1 k—1
< Jlzo — yoll + T (k=0 +1—mw)* VG z() — £ y6)l
» =
k—1 .
(k—o(j+1—p)r" o
+j:0 1- M £ (G, vyl
I k—1
< Jlzo — voll + ) (k—o(+1—m)* V() - y()l
§=0
k—1 .
C(k—o(j+1—p)

+ M]Z:% 1 X’

I k—1

= |lzo — yoll + ) (k—o(+1—m)* V)z() - y()l
=0
k—1
(G —o(=p)Y
+ Mj:(] 1 )
Applying Lemma 2.6 yields
k-1 P o(— (u—1)
xwmm<(xoyo+MZH“ T )@@m%
= 1)
for each k € Ny, where L = Mi—ﬁz We continue with the case x¢o = yy. Then we have
ST A0
(k) —y(k)|| < MOu(k), 0u(k) = Eu(Lik") ) 11— () (5)
j=0

for each k € Ny. Clearly, 6,(0) = 0 for any p € (0,1). From now on, we consider k € N.
Let us investigate the sum in 6,,: Clearly, the summand vanishes for j = 0. Moreover,
for j € Zlf_l, k € Ng we have

G-o(=p)W D TG+p)  fritp—I
M TrG+n) i ©




So, we can remove the absolute value and write

E

-1 k—1

1

(j —o(=p)+Y -
I(p) =

B (
! [(p)

—k—1-

L(j+p)
rGG+1)

<
Il

o
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Next, we rewrite the sum as a telescoping series,

to get

_ I'(k+p)
=E e MM ®)

One can easily verify that the latter identity holds for each k£ € N.

Theorem 3.1. Under assumption (H), the solution x of (3) uniformly converges on
any set ZEK, K € N to the solution y of (4) if p — 1~ and zo = yo.

Proof. Note that the limit

. Pk+p)
s (4= orm) =

is uniform with respect to k € ZI, since

D(k+p) Lk + p)
R e (_F(1+M)F(k+1)>

i) i) =

due to Lemma 2.4. Consequently, estimation of E,(L1k*) given by Lemma 2.9 together
with identity (8) proves the statement. O

Noting that
6. 06) {Q k=0,
= I'(k+
g (k—ﬁﬁmgﬂ)ammwm keN

is increasing on N from 0 to oo (see (6) and (8)) together with Theorem 3.1 proves
the next result.



Theorem 3.2. Under assumption (H), for any ¢ > 0, p € (0,1) there exists K € N
such that the solution x of (3) andy of (4) with xo = yo satisfy

lz(k) —y(k)| < Me, ke Zf.

This K is given as a largest integer such that

LI K
i 'K
e ( K— <+M)> <e
" (1 + )T (K)
To provide a result not so strong as the latter one but more easy to apply, we state
the following corollary.

Corollary 3.3. Under (H), for anye >0, u € (0,1), solutions x of (3) andy of (4)
with xg = yo satisfy

(k) —y(k)ll < Me, ke Zg

with K € N the largest integer satisfying

(1—p) eLf%KKan <ep.
In particular, for e = (1 — p)P for any fixed p € (0,1),
lz(k) —y(R)| < M1 —p)P, ke, (9)
where K € N is the largest integer satisfying

eLlTLKKan< H

— 1
S 1o
Proof. Let K € Ny. Then the following inequality holds
IR U ) B ) o
1+ (K +1) — I'(14 p)
pn—1 pn—1
— 1_K,U,71 (1—’_%) 1_K,u71 (1+%) (11)
D(1+up) — (1 + p)

S1-K'"'=(1- KK < (1— )k

for some o € (u

—1,0). Here, the estimation % follows from Lemma 2.5 with z = 1.
Clearly, inequality (11

) is valid also for k = 1. O

Remark 1. Solutions z and y from Corollary 3.3 satisfy (9) e.g. in the following cases:

(1) if

_1 1 1
K <2L,"W <2Lf “) (12)



where W is the Lambert W function [7] defined as the inverse function to w —
we. Indeed, since K In K < K2, condition (10) is satisfied if

1. 2 1 1 L
foKe5L1K§7L1“ #7
2 L T

which is equivalent to (12).
(2) if

Here we used K In K < .

4. The case p — 1+

In this section, we consider an initial value problem for fractional difference equation
(1) with ¢ € (1,2) and given f: Ny x R” — R"”, along with a difference equation

Ay(k) = f(k—1,y(k = 1)) + y1, k eN,
y(0) = yo, (13)

where g, z1,y0,y1 € R". Again, we suppose assumption (H). Since the solution y of
(13) satisfies the equivalent sum equation

k—2
y(k) =vo+kyr + > fG,u(), k€N,
=0

we can use Lemma 2.8 and assumption (H) to get the estimation

lz(k) =y < llzo — woll + kllzr — v

k—2 (it 9 — ) -
#3 (B 2D ) - 1000
=0

(1)

< [lzo = yoll + Ellz1 — vl

L NS it D () — s
i T(M)jzo( —o(j+2—p)" z() -yl
k—2 .
G —o=p)
+sz::0 ['(p)

10



for each k € Ny. Applying Lemma 2.7 with m = 2 yields

(k) — y (k)]
k—2 . o (u—1)
o
< | llwo — wol + kl|lz1 — w1l + MZ 1— U l(ﬂ(,u))) E,(Lk")
j=0 a
for each k € Ng. So, for xg = yo, x1 = y1, we get
k—2 . . (u—1)
o)~ y(0)] < MO, (1), 0,k) = B (L) 3 |1~ U=
§=0

for each k € Ny. Clearly, 6,(0) = 6,(1) =0 for any i € (1,2). Note that the absolute
value vanishes for j = 0. Furthermore, for j € Zlf_2, k € N3, we have

(= o= _ TG +p) :HW

= ; - > 1. 14
() MINTESTNE S s (14)
Hence, analogously to (7) we derive
k—2 _ k—2 k—2
L G—am)V ZF( 1) Ny
= I'(p) () = TG+ =
_ 1 [r(k+u—1)_r(1+u)}_k+2 (15)
F1+up)| T(k—1) (1)
_ _TkHe-l) g pen,

which remains valid also for k£ = 2.

Theorem 4.1. Under assumption (H), the solution x of (1) with p € (1,4/3) uni-
formly converges on any set ZEK, K € Ny to the solution y of (13) if u — 1% and

o = Yo, T1 = Y1-

Proof. Note that the limit

) F'(k4+p—1)
1 —k+1) =
et <r(1 FTk—1) "t ) 0
is uniform with respect to k € Zé( , since
Fk+p—1) (F(k:—l—u—l) >
—k+1=>Gk-1)(—r—~ -1
“ T4+ wlk-1) ( ) 1+ pwI'(k)

due to Lemma 2.4. Consequently, estimation of E,(Lk*) given by Lemma 2.10 together
with identity (15) proves the statement. O

11



From (14) and (15) one can see that the function

0. (k) 0, ke {0,1},
S <7F(I;(+’“5#(‘,j_)l) —k+ 1) Bl (Lk"), keN,

is increasing on Ny from 0 to co. Therefore, Theorem 4.1 gives the next result.

Theorem 4.2. Under assumption (H), for anye > 0, u € (1,4/3) there exists K € Ny
such that the solution x of (1) andy of (13) with xo = yo, T1 = y1 satisfy

le(k) — y(k)| < Me, ke ZK.

This K is given as a largest integer such that

Li K T _
e +4\/§sm2 < NK+p—1) —K+1>§€.
i I 1+ p)I'(K—-1)

Again, we present a simpler corollary.

Corollary 4.3. Under (H), for any e > 0, u € (1,4/3), solutions x of (1) and y of
(13) with ¢ = yo, x1 = y1 satisfy

(k) —y(k)ll < Me, ke Zg

with K € Ny the largest integer satisfying
(b—1) <9eL“K +4+/3 sin 7;“) K*In K < 9ep.

In particular, for e = (u — 1)P for any fized p € (0,1),
lz(k) —y(R)| < M(u—-1)", ke, (16)

where K € Ny is the largest integer satisfying

LiK T g
(96 +4\/§Sln 2) KMIHK S m (17)

Proof. From the inequality

MK +p—1) 1< KHrt
F1+uI(K) ~~TA+p)
<Kt 1=(u-1)K°InK<(p—1)K*'InK

for some a € (0,0 — 1), we derive
MK +p—1)
N1+ pI'(K-1)
<(p-1D)(K-1DK*'InK < (p—1)K*InK.

-K+1

12
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Remark 2. Solutions x and y from Corollary 4.3 satisfy (16) e.g. in the following
cases:

(1) if

K<uaLsw | ——pi(— M o (18)
= a1\ 1600 - n)i-v ‘

Indeed, using estimations
KfIn K < KW 4\/§sm% <7l K
one can show that condition (17) is fulfilled if

16 6L K et < LT ,
(p—1)t=>

which is equivalent to (18).
(2) if

1 9
K< — In o -
Li+1 16(u—1)t"

Here we applied K#¥In K < K2In K < ef for each K € N».
Next, we present a simple illustrative example.

Example 4.4. Let us consider the following initial value problems:

Alz(k) = px(k+p—1), ke Ni_,,

z(0) = xo, (19)
Ay(k) = py(k), k€ No, (20)
y(0) = yo,
Alu(k) = pu(k + p — 2), ke Ny,
u(0) = wo, (21)
Au(0) = uq,
Av(k) = pv(k — 1) + v, keN,
(% 0) = o, (22)

13



where € (0,1) in (19) and p € (1,2) in (21). It can be shown that the difference
equations have the solutions y(k) = (14 p)*yo and v(k) = c1 A} + c2A\s — y1/p with

NS o LtV
1= 5 2= 5
2

2 i

Y1 1 Y1
+ ) (21 Yo+ = ),
(yo p) 2\/1+4p(y1 Yo p>
y

1 Y1
+ =)+ ——(2p1+v0+ = .
<y0 p) 2y/1+4p ( Y1 1Y p>

Next,

by [5, Lemma 2.4], and

u(k) =uo +kuy + =~ > (k—o(j+2— )" Du(j)
§=0

by Lemma 2.8. To see the convergence, we set all the initial conditions equal to 1, i.e.,
o =Yoo =uy = vp = u; = v = 1, and p = 0.2. Figure 1 depicts the convergences
x—yand u —vaspu— 17 and u — 17, respectively.

100
sof
60

40l

Figure 1. Convergence of solutions of fractional difference equations (19) (blue empty squares), (21) (red
empty circles) to solutions of integer-order difference equations (20) (black filled squares), (22) (black filled
circles), respectively. The closer p € {0.7,0.8,0.9,1.1,1.2,1.3} is to 1, the more saturated the colors are.
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